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1. Introduction, Definitions and Notation
Let f(z) and g(z) be two transcendental entire functions defined in the open complex plane C.
It is well known [1], {[15], p-67, Th-1.46} that
lim 1(r.fo9) _ and |y T(r.foQ) _ .
r—co T(r,fT) r—co T(r,g)

After this Singh [11], Lahiri [7], Song and Yang [13], Singh and Baloria [12], Lahiri and Sharma
[8] and Datta and Biswas [3], [4] proved different results on comparative growth property of
composite entire functions. In a resent paper [2] Dutta study some comparative growth of
iterated entire functions. In this chapter, we investigate the comparative growth of iterated entire
functions in terms of its (p,q)-th order. We do not explain the standard notations and definitions
of the theory of entire functions as those are available in [5], [14] and [15].

The following definitions are well known.

Definition 1.1. The order Pr and lower order }Lf of a meromorphic function f(z) is defined as

f rS5ewo logr
and
A. =liminf1o9T(r.T)

f r>owo logr
If £(z) is entire then

T loglogM(r, f)
Py _“rnlfgop logr
and
A. =liminf10910gM(r, )
f -0 logr

Notation 1.2. [10] Iog[o] X=X, exp[o] = X and for positive integer

m, Iog[m] X= Iog(log[m_l] X), exp[m] X= exp(exp[m_l] X) .

Definition 1.3. The p-th order ,O]E) and lower p-th order 119 of a meromorphic function f(z)

is defined as

- logtPIT (1, )
p :
o} Ilrm sup loar
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and

AP = liminf 10gtPIT(r, )
=M ogr
If £(z) is entire then

. logtP*UM(r, )
P _ )
Pi _Ilrmsup logr
and

[p+1]
AP —liminf 109" = M(r, )
f = imint = logr

Clearlyp]? < p]E’_l and ,115’ < ,119_1 for all p and when p=1 then p-th order and lower p-

th order coincide with classical order and lower order respectively.
Definition 1.4. The (p,q) -th order P (P.0) and lower (p,q)-th order A¢ (P.Q) ofa
meromorphic function f(Z) is define as

p. (p,q) = limsup 03P T(r. )
r—o0

logldlr

and

[p]
A, (p,q) =liminf 109> (r, F)
r—oo  logldr

If £ () is an entire function then

[p+1]
p, () = limsup 109" —M(r, )
F—>c0 logtdlr

and
logtP*IM(r, )
logtal r

A, (p,q) =liminf
F—>00

where p>(>1.

Clearly o (p1)=pP and A(p1)=2f.

Definition 1.5. Let f(z] be an entire function of finite p- th order o, ]E’ then we define O-il? as

P
o P =limsup log! PIm(r, 1),
f F—o0 pf
r

According to Lahiri and Banerjee [6] if (Z) and J(Z) are entire functions then the iteration

of T with respectto J is defined as follows:
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f1(2)="1(2)
f, (2)=1f(9(2))=f(9;(2))

f3(2)=f(9(f(2)))=(0,(2))=f(g( fy(2))]

according as n is odd or even,
and so

gl(Z):g(Z)
9, (2)=9(f(2))=9( f,(2))
95(2)=9( f5(2))=9(f(9(2)))

an(2)=9( f,_1(2))=9( (9,_5(2)))
Clearly all f,(z) and gn(z) are entire functions.

2. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [5] Let f(Z) be an entire function. For 0< r <R < 20, we have
R+r
R—r
Lemma2.2.[1] If T (Z) and {(Z) are any two entire functions, for all sufficiently large
values of r,

T(r,f)<log"M (r,f)< T(R, f).

M (%M (%,g)—‘g(o)‘, fjs M (r, fog)<M (M (r,g),f).

Lemma 2.3. [9] Let T (Z)and J(Z)be two entire functions. Then we have

T(r, fog)z%logM [%M (g,gj+o(1), fj_

Lemma 2.4. Let T (Z)and g ( Z) be two entire functions of non zero finite (p,q)-th order
Ps (P,q) and o, ( P,q) respectively, then forany € >0 and p>q=>1,

Iog[(n-1)(p+1)-(n-2)q] AL (ot (p,q)+s)log[q] M(r,g)}+O(1) whennis even,
(g ( p,q)+e)log[q] M(r,f)+O(1) whennis odd

for all sufficiently large values of r.
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Proof. First suppose that n is even. Then from second part of Lemma 2.2 and Definition of (p,q)-
th order, it follows that for all sufficiently large values of r,

M(r.fn)<M(M(r.g, ).f |
ie., logrdM(r, f, | slog[ p+1}M(M(r,gn_1), f
<(p.(p.aye)logdiM(r,g, ).
So, Iog[ p+2}M(r, fn) < Iog[qﬂ} M (r,g(fn_z)j+oa)

2_
jog P* q}M(r,fn)sIogM(r,g(fn_Z))+O(1).
Taking repeated logarithms p times, we get

[2p+2—q

| } P+
og M(r, fp)< log M (M (r, fn_z),g)+O(1)

<(pg(p.a)+&)log M (r, T _,)+0Q),
ie., Iog[2 p+3-a] M(r, fy)< Iog{qﬂ} M (r, fn_2)+0(1)

logl2P+3-20] (r, )< logM (r, fn_2j+0(1).
Again taking repeated logarithms p times, we get
logt3(P =24l M (r, )< (o (p,q)+&)log 4Im (rg, 3)+0.

Finally, after taking repeated logarithms (n-4)(p+1) times more, we have for all sufficiently large
values of r,

1ogl" VP2l (1, 1) < (ps (P.G)+ &)logl 4 M (r,9)+0().
Similarly if n is odd then for all sufficiently large values of r,
logl®-DeD-0=2A M (r, ) < (g ( p,q)+g)|ogm M (r, f)+O().

This proves the lemma.

Lemma2.5. Let f (Z) and g(z) be two entire functions of non zero finite lower (p,q)-th order
A (p,q) and 4, ( p,q)respectively, then for any

0<g<min{/1f (p,4), ﬂg(p,q)} and p>q=],
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+0O(1) when n is even

(24 (p.0)-)logl I [znr_l,

|Og[(n_ )(p+1)_(n_2)q] M (r1 fn) >

+0(1) whennisodd,

AT (1) PVY B
(’19 (p.a) g)log M [Zn—l’
for all sufficiently large values of r.

Proof. First suppose that n is even. Then from first part of Lemma 2.2 we have for all

sufficiently large values of r and for any 0 < g < min{ﬂf (p.9), /19 (p.9)},
M (r, fn)=M(r,f(g, )]
>M [éM (E’gn—lj_‘gn—l(o)" f j
>M (116|v| (E,gn_lj, f J

- tog " fn)2( 4 (P12 o U] jgM 5.0, 4|

using the Definition 1.4,
ie., Iog{ IOJrl}M (r, fn)z(if (p,q)—g]log[q]M (E,gn_1J+O(1)
ie., Iog{ p+2} M(r,fh)> Iog{qﬂ} M (E,g(fn_z)j+0(1)

+2—
)\, (r, fn)=logM {116|v| [2r2 fn_zJ,gJ+O(1).
Taking repeated logarithms p times, we get

logl2 P+2- q]M(rf )>Iog[p+1]M[116M{2r,fn 2} ]+0(1)

le., Iog{ P

2
>(2g (p.a)-¢log [1M[r2 B+0(1)

2p+3-2
Iog[ P q]M(r,fn)zlogM{zz,fn_z}rO(l).

Again taking repeated logarithms p times, we get
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Iog[2 p+2-2d] M(r, fn)z[if ( p,Q)—eJlog[q]lllfiM £2r3 gn_3ﬂ+0(1)

z[ﬂf ( p,q)—gjlog[q] M (er,gn_S%O(l).

Finally, after taking repeated logarithms (n-4)(p+1) times more, we have for all sufficiently large
values of r,

|Og[(n—1)(p+1)—(n—2)Q] M (r, fn) > (ﬂf (p' q) _ g)log[q] |:116 M [an’_l , gj:| oW

ie., Iog[(n—l)(p+1)—(n—2)q] M(r, ) > (lf ( D, q) - g) Iog[qJ M (znr—l gj +0(0).

Similarly if n is odd then for all sufficiently large values of r,

logl("-DO+D—(=2)alpg (r £,y >(4g(p.a)—¢)logld /M [znr_l,fJ+0(1).

This proves the lemma.

Lemma 2.6. Let f(z) and g(z) be two non- constant entire functions, such that
0<py (P,4)<o0 and 0< pg (p.q)<oo. Then for all sufficiently large r and € >0,

|og[(n—1)p+(n—2)(1—q)]T(r1 e (pf(p,q)+e)log[q]M(r,g)+0(1) when n is even,

(Pg(p’Q)JrE)lOg[q]M(r,f)+o(1) when nis odg  "Vhere

p>q=1.
The lemma follows from Lemma 2.1 and Lemma 2.4.

Lemma 2.7. Let f(Z) and g(2) be two entire functions such that O</1f (P,g)<oo and

0< A (P,q)<oo. Thenforany £(0<e<min{Z,(p,q), Ag(P.a)}) and
p>q=>1,

(ﬂf (p,q)—g)log[q] M [rl,g}O(l) when n is even,
g DPHO- DA gy 4"~

(ﬁg(p,q)—g)log[q]M(llr]r_l,f}rO(l) when nis odd

for all sufficiently large values of r.
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Proof. To prove this lemma we first suppose that n is even. Then from Lemma 2.1and Lemma
2.3 we get for any e(0<e<min{A, (p.9), gg (p, q)}) and for all sufficiently large

values of r,
T(r. fn)=T(r.f(g,_y))
zllogM[éM[Z,gn_lj+0(1),fJ.
-~ 1og PIT(r, )2 logl P+ m (%M (%,gn_1)+0(1), fj+O(1)
z(zf (p,q)—gjlog[q]{%M (g,gn_ljm(l)}oa)
( ¢ (p.0)- jlog[qJFM[ﬁ,gn_lﬂw(l)
(z gjl ( 9, 1j+0(1)
2[4 (pa)-c g’
z(if(p,q) jlog [ IogM[ (2 e 2]+O(1),g]]+0(1),

Iog[ erl]T(r f )>Iog[q+1]M[ {rz J+O(1),gJ+O(1)

Iog (L, gn—l} +0()

ie., loglP—dlr(r 1, >IogM{ ( . J+O(1),g}+0(l)
i.e., Iog[2er1 q]T(rf )>Iog[p+1] éM[Llr’fn 2}+O(1)gJ+O(1)

>(4g (p.a)-&)log 1

\l—\ OO\H
<
7\ /_\ N
N
—
3
;/
+
Q
=
| —|
_|_
9
=

( Ag(P,Q)—¢ )'09“”

9 n—
i.e., Iog[2p+1_q]T(r,fn)2( (p.q)— g)log[ M{rz N 2}LO(l)
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" |Og[(n—1)p+(n—2)(1—q)]-|-(r’ fn) = (4 (p,q)—g)log[q] M [L gj +0O(2) when niseven.
4n—1
Similarly,
|og[(n—l)p+(n—2)(1—q)]-|-(r, fq) 2 (;Lg (p,g)-¢) Iog[q] M [ﬁ f ]+O(1) when nisodd.
This proves the lemma.

3. Theorems
Theorem 3.1. Let f and g be two non-constant entire functions of non- zero finite (p,q)-th order

and lower (p,q)-th order, also 0<o?{,0, <. Then

1ogl-DEHD-O-Dellyy 1. _ 40 P (p.0)

(i) liminf

i g PT(r,t(a) A (PO)
(if) timsup® g[m_l)(p? 2dmer ), AP
r—o0 IOg[ ]T(r f(9)) (Zn_l)pa o (p)
when n is even and
~1)(p+1)—(n—2)q] Py
(iii)  liminf logl " IM(r.fn) 4 Pg(P)
r—>00 Iog[mT(r,g(f)) g (p.9)
(iv) limsup |Og[(n—1)(p+;)—(n—2)q] M(r, fn) S g ép,q)
r—>co log! ]T(r,g(f)) (zn—l)pf oy (P.)
when n is odd.

Proof. First we suppose that n is even, then from Lemma 2.4 and the Definition 1.5 we have for
all large rand € >0,

|Og[(n_1)(p+1)_(n_2)q] M (r’ fn) <( ( P, q)+g |Og ( )

Fro
q

s(pf(p,q)+g)(ag +g)r 9+0(1). (3

m Lemma 2.3 we get

1 1 r
T(r,f(g)) IogM(16 (4,gj,f}
Since 4, ( P, q) is the lower (p,q)-th order of f so for given €(0 <& <4, (p,q)) and for all large
values of r,
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Iog[ IO}T(r, f(g))= Iog[ p-+] M (16 UQJ f J+O(1)

" Iog[ p]T(r, f (g))z(ﬂf ( p,q)—g}log[q] M (Z,gj+0(1). (3-2)

Again for a sequence of values of r tending to infinity,

£
oW na( 5.9 )= (0§ —2) £ . 33
Therefore from (3.2) and (3.3) we get for a sequence of values of r tending to infinity,
Yo,
log P17 (r, f (g))z[/lf (p,q)—gj(ag _8)(2) d +0(1) (3.4)

where 0< & <min{, (p,q),0.}-
Now from (3.1) and (3.4) we have for a sequence of values of r tending to infinity,

q
10glDED-(-2al 1y (25 (PA)+e)(of +e )" +OQ@)
Iog[p]T(r,f(g)) - o4

(4 (p.a)-¢)(o _8)(:1j " ro)

_ (pf ( p,q)+<9)(agI +8)4p8 +0(2)
(/”Lf ( p,q)—g)(o-g —g)+o(1) '

Since £ >0 is arbitrary,

o |Og[(n—1)(p+1)—(n—2)Q] M (r, fr) 4,08 Py (P.Q)
liminf 07 <
F—>c0 logl p]T(r, f(9)) A¢ (P.Q)

Also when n is even then from Lemma 2.5 we get for all sufficiently large values of r
n-1)(p—1)—-(n-2 r
10gl"DED-(-2Am (1, 1) > (24 (p.a)- £)log UM (—2”—1 , g}+o<1>.

Now for a sequence of values of r tending to infinity, we have

o0 M [ 0] (o ) 5

Therefore for a sequence of values of r tending to infinity, we get

o,
10gl "D (=2 (v )2 (2, (pa)-£)(0] - e)( an_lj 8+0<1) (35)w

here O<g<mil’1{ﬂ.]c (p,9), Gg}-

Again by Lemma 2.1 we have for all large values of r,and & >0 ,
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T(r, f(g9))<logM (r,f(9))
<logM (M (r,9), f).

- loglPhT(r, £ @) <(o, (p.a)+ )logl UM (r,g)

S(pf(p,q)+5)[0'8+8jrp8. (3.6)
Therefore from (3.5) and (3.6) we have for a sequence of values of r tending to infinity,
q

g
10gl-DED-(-2) 1) (4 (p.a)-¢)(og —g)[ 2:_1 ) +O(1)
log! pJT(r, f(9)) (pf ( p,q)+8)(ag +8)rpg

(2¢ (P.a)=2)(og—)+o(2)

(2”‘1)/0g (pf ( p,q)+5)(03 +8)

Since €>0 s arbitrary,

- limsup |Og[(n_1)(p+1)—(n—2)Q] M(r, f)) . A

¢ (P.0)
F—o0 Iog[ p]T(r, f(9)) (Zn—l)pg f

P+ (P.0)

Similarly for odd n we get the second part of this theorem.
This proves the theorem.

Remark 3.2 If f is of regular growth i.e. p; (P, 4) = 4; (P, q) and n is even then
(i) liminf logt" DEHD-=2lm(r, 1) _ ,od
rF—o0 |Og[ p}T(r’ f(g))
“1)(p+1)—(n—2
) ey )(p;p; 2wty 1
r—o0 log T(r, f (g)) (2n—1jp8

Also if g is of regular growth i.e. pg(p, q) = lg(p, g)and n is odd then
-1 1)—(n-2 q
i) liminf Iog[(n )(p+1)—(n—2)q] M (r, fy) £4,0f
F—o0 |Og[ p]T(r’g(f))
-1 1H)—(n-2
(iv) Iimsuplog[(n )(p;p)} (n )q]M(r’ fn) S 1 q-
F—c0 log! " /T (r,g( 1)) (Zn_ljpf
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Remark 3.3. The conditions non zero lower (p,q)-th order and finite (p,q)-th order are necessary
for Theorem 3.1, which are shown by the following examples.
Example 3.4. Let f(z) = exp[p_q+1]z,g(z) — explP~91zand 2q > p+1. Then
pi(pd) = 4 (p, q)=Land p,(p, ) = 4/(p, q)=0.
Here f(g) = exp!"*™z and

3T (2r, £ (g)) =logM(r, f (g)) = expl2P~2];

e, T(r,f(g)) 22 expl? p‘ZQ]g.

3
- loglPlT(r, £ (g)) = exp[p‘z‘ﬂ%oa).

Now
n p—ng+2
(o exp{ 2}2 when niseven
n {n p—nq+n—+1}

exp 2 1; when nisodd.
So when n is even,

oo

M(r, fp) =exp r

- 1ol DED-(-2alyy 1 5 ) 1ogl-D(P+1)~(n-2)a) exp{” P

= exp{ p—2q—2+1}r.

Therefore
|Og[(n—1)(p+1)—(n—2)Q] M (r, fn) _exp
B exp[ p_zq]r

_2g_n
[P—20-5+]]

.
+0(1)
log- PIT (v £ (o))

= Pﬁ—l} +0(1) — 0not gater thenlas r — oo.
exp2 r
Similarly for odd n,
|Og[(n—1)(p+1)—(n—2)Q] M (r, fn) _exp
log! IO]T(r,g( f )) ~ explP—2al
— O not gater thenlas r — oo.

[p—2q—”2:1+1]

" +o@)
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Example 3.5. Let f(z) = exp[p_q+1]z,g(z) — exp[p_q+2]z and 2q2 p-l-l
Then p¢ (P, G) = A¢ (P, g)=1and £,(P,a) = A4,(p, q)=.

[2p-20+3]

Here g(f) = exp Z and

T(r,g(f)) <logM(r,g(f))= expl2P—20+2],
Iog[p]T(r,g(f)) < exp[p_2q+2]r'
Now

n p—nq+3nJ
2 1z

exp[ whenniseven

[np—nq+3n_l]
2 1z

fh =

exp whennisodd.

So when n is even,
—ng+3n
V1) :exp{n p—ng-+ ZL
—ng+3n
ie., logl"DE+H-(=2)alp; (r £,y =10gl(N-DP+D—-(N-2)q] exp{n TR L

{p—2q+ﬂ+1}
r

=exp 2

Therefore
1ogl-DED-(-2)py r, ) o P 202,
Iog[p]T(r,g(f)) [p_2q+2]r

exp

n
_1}
= exp[2 r —conot leasthenlas r — co.
When n is odd,
{n p—nq+3”2—1}
M(r, f) =exp r
{n p—ng+3n-1

= exp{ p_2q+n£ﬂr.

Therefore
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G e Gl VIR exp{ p‘z‘“”ﬂ
logl PIT (r,g( f )) ~ explP—20+2l;
B
=exp r —oonotleasthenlas r — oo.
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